We give a review of some recent work on the construction and classification of p-brane solutions in maximal supergravity theories in all dimensions 4 ≤ D ≤ 11. These solutions include isotropic elementary and solitonic p-branes, dyonic p-branes, and multi-scalar p-branes. These latter two categories include massless strings and black holes as special cases. For all the solutions, we analyse their residual unbroken supersymmetry by means of an explicit construction of the eigenvalues of the Bogomol'nyi matrix, defined as the anticommutator of the conserved supercharges.
Introduction
The study of p-brane solitons in low-energy superstring theories has been the subject of detailed investigation recently [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . With the growing realisation that the duality symmetries of string theories can bring about a unification of theories that were previously thought to have been distinct, and that the non-perturbative spectrum of string theory is within grasp, it becomes more and more important to achieve a thorough understanding of the solitonic states, since they will have an important rôle to play in the emerging theory. Many solitonic p-brane solutions have been found, and in this review we shall not attempt to cover all of the ground. Instead, we shall focus on an approach to the problem of classifying the solutions that we have been developing, which seems to have an advantage of simplicity. We also find a simple way of determining the supersymmetry of the solutions.
The class of low-energy effective actions that we shall discuss are those obtained by dimensional reduction of the effective action of the ten-dimensional type IIA string theory. Equivalently, and more simply, these maximal supergravity theories can be viewed as coming from eleven-dimensional supergravity. As we shall see, all the resulting lower-dimensional supergravity theories can be discussed in a unified way, and the supersymmetry of the p-brane solutions in any dimension can easily be determined by simply using the properties of the eleven-dimensional transformation rules.
In particular, there is no need to examine the supersymmetry transformation rules of the lowerdimensional theories themselves, and there is no need to decompose the eleven-dimensional gamma matrices into products of lower-dimensional ones.
The bosonic sector of the Lagrangian for D = 11 supergravity is L =êR− are the 4-form, 3-forms, 2-forms and 1-forms coming from the dimensional reduction ofF 4 in D = 11; F i 2 are the 2-forms coming from the dimensional reduction of the vielbein, and F potentials A ijk 0 and A ij 0 . These fields have constant shift symmetries, under which the action is invariant, and are thus properly thought of as 0-form potentials rather than true scalars. In particular, their 1-form field strengths can adopt topologically non-trivial configurations, corresponding to magnetically-charged sources for p-brane solitons.
There are two subtleties that need to be addressed with regard to the p-brane solutions following from (1.1). Firstly, the dimensional reduction of theF 4 ∧F 4 ∧Â 3 term in D = 11 gives rise to a term in D dimensions, which we denote by L F F A . This gives contributions to the equations of motion which, in general, will be non-zero. The solutions that we wish to discuss, in common with most of those in the literature, are ones for which this term can be ignored. Thus we must check that our solutions are such that the extra terms in the equations of motion following from L F F A vanish.
The second complication is that the various field strengths occurring in (1.1) are not, in general, simply given by the exterior derivatives of potentials. There are extra terms, which we refer to loosely as "Chern-Simons terms," coming from the process of dimensional reduction. Again, the solutions of interest will be ones where these extra terms vanish, and so again, this means that certain constraints must be satisfied in order for this to be true. Both of these issues are discussed in detail in [12] and so we shall not consider them further here.
The only aspect of the bosonic Lagrangians (1.1) that remains unexplained is the constant vectors a i···j and b i···j appearing in the exponential prefactors of the kinetic terms for the antisymmetric tensors. As was shown in [12] , these "dilatonic vectors" can be expressed as follows:
2 − forms :
where the vectors g and f i have (11 − D) components in D dimensions, and are given by
where s i = 2/((10 − i)(9 − i)). It is easy to see that they satisfy
Note that the definitions in (1.2) are given for i < j < k, and that the vectors a ij and a ijk are antisymmetric in their indices. The 1-forms F The solutions that we shall consider involve a subset of the dilatonic scalars φ, and a subset of the antisymmetric tensor field strengths F and F. The rank n of all the participating fields strengths in a given solution are all the same, although in dimensions D ≤ 7 certain field strengths of higher rank will be dualised to field strengths of lower rank. Each participating field strength can have non-vanishing components given by either corresponds to a solitonic p-brane solution. In a case where the degree n of the field strength is such that D = 2n, the possibility arises that field strengths might have both electric and magnetic contributions, involving both of the ansätze in (1.6) simultaneously. In such cases, the configuration describes a dyonic p-brane. It is useful to distinguish two different kinds of dyonic configuration.
In a dyonic solution of the first type, each participating field strength has only electric or magnetic non-vanishing components, but some of the field strengths are electric while others are magnetic.
In a dyonic solution of the second type, each participating field strength has both electric and magnetic non-vanishing components. We shall encounter both kinds of dyonic solution later.
In order to determine the supersymmetry properties of the various p-brane solutions, it suffices to study the transformation laws of D = 11 supergravity. In particular, from the commutator of the conserved supercharges Q ǫ = ∂Σǭ Γ ABC ψ C dΣ AB , we may read off the 32 × 32 Bogomol'nyi matrix
Mǫ 2 , whose zero eigenvalues correspond to unbroken components of D = 11 supersymmetry. The expression for M for maximal supergravity in an arbitrary dimension D then follows by dimensional reduction of the expression in D = 11. A straightforward calculation shows that it is given by [12] 
(1.7)
The 
Once the mass per unit p-volume and the Page charges have been determined for a given pbrane solution, it becomes a straightforward algebraic exercise to calculate the eigenvalues of the Bogomol'nyi matrix, given by (1.7). The fraction of D = 11 supersymmetry that is preserved by the solution is then equal to k/32, where k is the number of zero eigenvalues of the 32 × 32
Bogomol'nyi matrix.
Single-scalar solutions
In the single-scalar p-brane solutions, the Lagrangian (1.1) is consistently truncated to the simple form
where the scalar field φ is some linear combination of the dilatonic scalars φ of the D-dimensional theory, and F n is a single canonically-normalised n-index field strength, to which all of the N original field strengths that participate in the solution are proportional. The constant a appearing in the exponential prefactor can conveniently be parameterised as
2)
. The quantity ∆, unlike a itself, is preserved under Kaluza-Klein dimensional reduction.
If we write φ = n φ + φ ⊥ , where n is a constant unit vector and n · φ ⊥ = 0, then it is easy to see that the conditions that must be satisfied in order for the truncation to (2.1) to be consistent with the equations of motion for φ ⊥ are that a α · n = a for α, where a α (1 ≤ α ≤ N ) denotes the dilaton vectors associated with the N participating field strengths, and in addition, that
where M αβ ≡ a α · a β . If the matrix M αβ is invertible, we therefore have
which gives rise to a p-brane solution with ∆ = α,β (M −1 ) αβ
. In this case, we can easily see that a = 0, and hence the unit vector n can be read off from eqn (2.3). If M αβ is non-invertible, then it is clear from (2.3) that one solution is is when F 2 α is a zero eigenvector of M αβ , with the constant a being zero. It turns out that this is the only solution in the singular case that does not simply reduce to an already-considered non-singular case with a smaller number N of participating field strengths [12] . It is also clear that if the number of participating field strengths exceeds the dimension (11 − D) of the dilaton vectors, then the associated matrix M αβ will be singular, and in fact it turns out that in all such cases, there is no new solution [12] . Thus in any dimension D, it follows that the number N of participating field strengths must always satisfy
Having reduced the Lagrangian (1.1) to (2.1) by the above procedure, it is now a simple matter to obtain solutions for the equations of motion that follow from (2.1). An important point is that one can reduce the second-order equations of motion for A, B and φ to first-order equations, by making an ansatz where they are all proportional, and in which the exponential factor in these variables, coming from the F 2 source term on the right-hand sides of their equations of motion, is required to be proportional to A ′ [9] . In the case of solutions where some supersymmetry remains unbroken, these requirements are dictated by the supersymmetry transformation rules. It also provides a way to obtain solutions of the same general form, even in cases where there is no residual unbroken supersymmetry. The solution is
where ǫ = 1 and −1 for the elementary and the solitonic solutions respectively, and k = − √ ∆λ/(2d).
In the elementary case, the function C satisfies the equation
The mass of the solution is given by λ/(2 √ ∆). Note that the dual of the solution for the field strength in the elementary case is identical to the field strength of the solitonic case, and vice versa. For this reason, we shall only consider solutions for field strengths with n ≤ D/2.
In order to enumerate all the single-scalar p-brane solutions of this type, one simply has to consider, for each dimension D and each degree n for the field strengths, all possible choices of the associated N ≤ 11 − D dilaton vectors, and then calculate the values of a, and the corresponding ratios of participating field strengths, using the above equations. This is easily done for n = 4 (where there is always only one field strength) and n = 3 (where the number of field strengths is small). For n = 2 and n = 1, where the numbers of field strengths grow significantly with decreasing dimension D, the enumeration is most conveniently carried out by computer. Substituting the results for the field strengths into (1.7), it is then straightforward, for each solution, to determine the fraction of the original supersymmetry that is preserved. Most of the solutions turn out to break all of the supersymmetry, but in certain cases, some of the supersymmetry survives. Details may be found in [12] ; here, we summarise the results:
4-Form solutions
Since there is only one 4-form field strength in any dimension, there is a a unique solution for each dimension D, in which the scalar field φ appearing in (2.1) is taken to be the canonicallynormalised scalar proportional to the entire exponent of the prefactor for the 4-form's kinetic term.
The value of a for this solution corresponds to ∆ = 4 for all D. The eigenvalues of the Bogomol'nyi matrix (1.7) turn out to be µ = m{0 16 , 2 16 }, where the subscripts denote the degeneracies of each eigenvalue. Thus these solutions preserve 1 2 of the D = 11 supersymmetry.
3-Form solutions
From (1.2) and (2.4), it is easy to see that there exist solutions involving N participating field strengths, with values of ∆ given by ∆ = 2 + 2/N , where, as always, N ≤ 11 − D. Substituting the solutions for the ratios of the field strengths, and hence the ratios of the Page charges, into (1.7), one finds [12] that all the supersymmetry is broken except when N = 1, and hence ∆ = 4, and the eigenvalues are the same as for the case of 4-form solutions, namely µ = m{0 16 , 2 16 }. In this supersymmetric case, any one of the 3-form field strengths can be used in constructing the solution.
In D = 6, there are further solutions, associated with the possibility of truncating the theory to self-dual supergravity. We shall discuss these further in the next section.
2-Form solutions
As one can see from (1.2), the set of possible choices for dilaton vectors is considerably larger for 
where we also indicate the maximum dimension D in which each solution can occur. We see that the p-brane solutions preserve 
1-Form solutions
The situation for 1-form solutions is more complicated again; further details may be found in [12] . As N increases up to 7, there is a considerable proliferation of solutions, mostly nonsupersymmetric. Here, we shall just describe the supersymmetric p-brane solitons. There are in total eight inequivalent field configurations that can give rise to supersymmetric solutions, namely one for each value of N in the range 1 ≤ N ≤ 7, together with a second inequivalent possibility for N = 4. In all cases, the value of ∆ is given by ∆ = 4/N . Four of the eight solutions have Bogomol'nyi matrices with identical eigenvalues to those given in (2.7) for 2-form solutions (although the Bogomol'nyi matrices themselves are of course different). These again arise for where in each case the listed set of Pages charges provides an example of a set that gives rise to the solution. In each case, the Page charges are all equal. All of these four cases correspond to solutions that preserve 1 16 of the D = 11 supersymmetry. In the first of these four solutions, the eigenvalues are insensitive to the relative sign choices for the Page charges, but in the last three cases, we again find the phenomenon that there are precisely two inequivalent sets of eigenvalues for each ∆, depending on the relative signs of the Page charges. We have given the choices that include zero eigenvalues. The other choices, for which there is no supersymmetry, give rise to the sets of eigenvalues 
Dyonic solutions
In dimensions D = 2n, the field strength F n can in principle have components given by both the elementary and solitonic ansätze (1.6) simultaneously. In this case, the equations of motion can be reduced to the two independent differential equations
together with the relations B = −A, (e C ) ′ = λ 1 e aφ+2(n−1)A r −n , where S 1 and S 2 are given by
By making a suitable ansatz of the kind discussed in the previous section, which reduces the equations to first-order equations, one finds [12] that the equations (3.1) admit a simple solution either when a 2 = n − 1, and hence ∆ = 2n − 2, given by 
where, as usual, the subscripts on the eigenvalues indicate their degeneracies. Thus the solution preserves 1 4 of the supersymmetry [13] . When either λ 1 = 0 or λ 2 = 0, the solution reduces to the previously-discussed purely solitonic and purely elementary solutions, which preserve 1 2 of the supersymmetry. When λ 1 = λ 2 , in which case the field strength becomes self-dual and the dilaton vanishes, the solution is equivalent to the self-dual string in D = 6 self-dual supergravity, which we shall discuss below. When λ 1 = −λ 2 , the field strength is anti-self-dual, and we have a massless string which preserves 1 2 of the supersymmetry; however, the eigenvalues, given by (3.5), for such a solution are not positive semi-definite. In this case, the dilaton field does not vanish, and hence the solution is distinct from the anti-self-dual string in D = 6 anti-self-dual gravity. It is worth remarking that the eigenvalues (3.5) for these dyonic solutions of the second type are quite different from those for all the solutions we have discussed previously. In those cases, the eigenvalues are non-negative as long as the mass per unit p-volume is positive. However, for the dyonic solutions of the second type, we see that the Page charges can be chosen so that eigenvalues (3.5) of the Bogomol'nyi matrix take both signs, even when the mass is positive.
In the above discussion, we saw that the field strength of the solution could be chosen to be either self-dual or anti-self-dual. In fact, one can alternatively truncate the theory so as to retain a single 3-form field strength on which a self-dual (or anti-self-dual) condition is imposed [17] . In this case, the dilatonic fields are all consistently truncated from the theory, implying that a = 0 and hence ∆ = 2. The metric is given by (3.4) with λ 1 = λ 2 = λ. The mass per unit length is given by m = the Page charges has also been seen recently in [22] .) Accordingly, we list the three possibilities for ∆ = 1 below, in this order:
where λ ≡ λ 2 1 + λ 2 2 . The first ∆ = 1 solution always preserves we can have zero eigenvalues only for the following three cases: λ 1 = 0, λ 2 = 0 or λ 1 = −λ 2 . The first two cases correspond to the purely solitonic and purely elementary solutions which preserve 1 4 of the supersymmetry. The third case gives rise to a massless black hole (which has been discussed in [19] ), which preserves 1 2 of the supersymmetry. However, some of the eigenvalues are negative in this case.
Multi-scalar solutions
The third class of solutions that we shall describe here are ones where the individual Page charges of the field strengths participating in a solution are independent parameters (unlike the solutions discussed in the previous two sections, where they are fixed in a specific set of ratios in any given solution). This is achieved by allowing more than one independent combination of the (11 − D) dilatonic scalar fields to be excited in the solution. In fact, the number of independent combinations is precisely equal to the number N of independent Page charges. These combinations can be expressed as ϕ α = a α · φ, where as usual a α denotes the set of N dilaton vectors for the N participating field strengths. One can easily verify from the equations of motion following from (1.1) that the remaining orthogonal combinations of the φ fields can be consistently set to zero. A natural choice for the solutions turns out to be to take dA +dB = 0 and
The remaining equations can then be solved by making an ansatz that is analogous to the one discussed in section 2, which reduces the second-order equations of motion to first-order equations [20] . For this ansatz to be consistent, it turns out that the matrix M αβ of dot products of dilaton vectors must take the special form M αβ = 4δ αβ − 2dd/(D − 2). In fact this is precisely the same as the form that M αβ takes in the various supersymmetric single-scalar solutions that we discussed in section 2. Thus we conclude that multi-scalar solutions of the type we are discussing here have the interpretation of being generalisations of the supersymmetric single-scalar solutions, in which the Page charges of the individual participating field strengths, whose magnitudes were previously required to be equal, become independent free parameters. The solutions are given by [20] 
We may now calculate the mass per unit p-brane volume and the Page charges for the solution,
Note that in our derivation of the solutions, we assumed that the matrix M αβ is non-singular, which in general is the case. However, it can be singular in two relevant cases, namely D = 5, N = 3
and D = 4, N = 4 for the 2-form field strengths. In these cases, the analysis requires modification;
however, it turns out that (4.1) continues to solve the equations of motion.
We have seen that multi-scalar solutions arise as generalisations of the previous supersymmetric single-scalar p-brane solutions, in which the Page charges that were previously equal become independent. Thus we may view the supersymmetric single-scalar solutions with N ≥ 2 participating field strengths as starting points for such generalisations. In the light of the findings described in section 2, this means that multi-scalar solutions arise for 2-form field strengths, with 2 ≤ N ≤ 4, and for 1-form field strengths with 2 ≤ N ≤ 7. The supersymmetry of these multi-scalar solutions can determined using the same approach as for the single-scalar solutions, by calculating the eigenvalues of the Bogomol'nyi matrix. A full analysis of all these solutions and their supersymmetry is contained in [20] , and we shall only summarise the results here.
For 2-form multi-scalar solutions, the eigenvalues of the Bogomol'nyi matrix turn out to be given by
Here a * on a Page charge indicates that the associated field strength is dualised. Thus p * 7 is the electric charge of the dualised field strength * F (7) M N , and so it is the magnetic charge in terms of the original undualised field strength F (7) M N . The degeneracies of each eigenvalue in each set are equal. For 1-form field strengths, there exist multi-scalar generalisations for all the supersymmetric solutions described in section 2 with 2 ≤ N ≤ 7. Rather than present them all here, we shall just give the results for the case N = 7 here, from which all the lower-N cases can in fact be derived by successively setting Page charges to zero. The full details can be found in [20] . Thus . Since the final eigenvalue in the set,
, is equal to twice the mass, it follows that the solution becomes massless in this special case. In D = 4, this corresponds to a massless black hole. The solution appears to suffer from two pathologies, however. Firstly, since one of λ 1 or λ 2 must be negative in this special case, we can see from (4.1) that there is a naked singularity. More seriously, perhaps, we see from (4.3) that some of the eigenvalues of the Bogomol'nyi matrix must also now be negative. The non-negativity of the Bogomol'nyi matrix can be proved for classical solutions (subject to some conditions that are evidently violated in this massless example), and is required at the quantum level for all acceptable states, since it arises as the square of the Hermitean supercharge operators. Thus classical solutions with negative eigenvalues cannot form part of the true quantum spectrum.
There are other examples of supersymmetry enhancements that can occur while maintaining the non-negativity of the Bogomol'nyi matrix. For example, the 4-scalar solution for 2-forms can lead to three inequivalent enhancements, given by λ 1 = −λ , λ 2 = λ , µ = Note that in these cases none of the eigenvalues is proportional to the mass, for generic λ α . A detailed discussion of the various cases that arise by choosing special values for the Page charges is given in [20] .
To conclude, we present a table summarising the various multi-scalar p-brane solutions that we have been discussing. Here we list the highest dimensions where p-brane solutions with the indicated numbers N of field strengths first occur. They then occur also at all lower dimensions.
